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PART III: ASSET AND LIABILITY
MANAGEMENT USING LSMC -
ALLOCATION OPTIMIZATION

In the previous articles, Kidbrooke Advisory (2018a,b), an asset and liabil-
itymanagement (ALM) framework using least-squares Monte Carlo (LSMC)
was outlined. Furthermore, the accuracy and performance of the LSMC
method were cross-validated against a benchmark provided by a full nested
Monte Carlo (MC) simulation.

In this third and concluding part of the series, the effects of moving capital
between asset classes will be analysed, and an optimal allocation maximiz-
ing the risk-adjusted net asset value (RANAV) will be found. To determine
the accuracy of the LSMC approximations, full nested benchmark evalua-
tions are performed alongside the LSMC evaluations, and the correspond-
ing optima compared.

OBJECTIVE FUNCTION

We begin with a brief recollection of the financial objectives stated in Kid-
brooke Advisory (2018a). The aim is to maximize the RANAV by allocating
capital into the three available asset classes; risk free government bonds,
corporate bonds with credit risk and equity. Keeping notations from pre-
vious articles, the objective function is defined as follows:

wRANAV = argmax
w

E[NAVp]

VaR99.5%(p)
. (1)

To ensure that the Solvency capital requirement (SCR) is met along with
some minimum asset return requirement, restrictions 2 and 3 are included
to the optimization framework, along with aforementioned weight restric-
tions.

E[NAVp]

VaR99.5%(p)
> 1 (2)

A(T ) ≥ Amin (3)
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OPTIMIZATION METHOD
As previously discussed, the the asset class weights can not be explicitly
extracted from the LSMC regressed proxy function. Consequently, an op-
timizer that doesn’t require gradient information is necessary.

The optimizer applied in this study is the Nelder-Mead method (Nelder &
Mead, 1965), selected for its computational efficiency. The Nelder-Mead
is a simplex method, using a multidimensional triangular approach to find
a local minimum of an objective function. As required from our specific
optimization problem, this method uses only function values, and does not
try to form any approximate gradients.

A drawback of this method is that the objective function needs to be fairly
unimodal to obtain a reliable result. However, the Nelder-Mead is consid-
erably faster than other similar methods, and it has been shown to obtain
a good reduction in the function value using a relatively small number of
function evaluations (Singer & Nelder, 2009).

OPTIMAL RANAV ALLOCATION

Using the Nelder-Mead method, the LSMC regression is performed over
different asset class allocations until the increase in absolute RANAV is
sufficiently small. After running the preliminary optimization, it became
clear that the algorithm is not likely to place any more capital than re-
quired by the minimum weight restriction in equity. As the algorithmmust
be initiated within the restrictions in order for the optimizations to work,
Equation 4 was deemed to be a suitable starting point:

w0 = [ wopt
S , wopt

RF , w
opt
CR ] = [ 0.1, 0.35, 0.55 ] (4)

Asset class Min Mean Max
wopt
S 0.1 0.1 0.1

wopt
RF 0.26 0.32 0.38

wopt
CR 0.52 0.58 0.64

Runtime (s) 206 253 350

Table 1: Minimum, mean and maximum of runtime and optimal asset class weights
obtained using Nelder-Mead method in ten LSMC sets, with w0 given by Equation 4.

When optimizing over ten independent sets of LSMC simulations, some
variation was observed in the optimal asset class weights. Nevertheless,
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they have one quite expected common property; nomore than the required
amount is invested in equity. Considering the significantly higher volatility
of the equity asset class, the small gain in net asset value (NAV) is not
sufficient to make up for the substantial increase in SCR as more capital
is invested in equity. Therefore, it is not surprising that the optimization
algorithm always sets wopt

S to be as small as possible.

Regarding the remaining asset class weights, they appear to vary within
an interval of circa 11% between the different LSMC sets. This is likely a
result of the poor tail fit of the regression, discussed in Kidbrooke Advisory
(2018b), making it harder for the regression to adequately capture the SCR.

As time performance is important, however, the concluding optimization
will only be performed over one set of LSMC simulations. Hence, a random
set, denoted LSMC set 1, is selected and the optimal allocation is set as the
result obtained via the Nelder-Mead algorithm:

wRANAV = [ 0.1, 0.33, 0.57 ] (5)

EFFECTS OF ALLOCATION CHANGES

An advantage of the LSMC regression is that it provides a time efficient
tool to analyse the sensitivity of the NAV to changes in asset allocation. By
keeping one asset class weight fixed, the effects on RANAV can be studied
while the remaining weights are moved within an interval of interest.
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Figure 1: Equidistant evaluations in LSMC set 1 of approximate NAV and SCR, with
wopt

S = 0.1 and wRF ∈ [ 0.01, 0.899 ] (blue), and wopt
RF = 0.33445 and wS ∈ [ 0.1, 0.12 ]

(yellow). All allocations within restrictions 2 and 3 are within the blue fields, and the
optimal RANAV allocation is marked by the red circle.

The above figure displays a curved relation between expected NAV and
SCR. As capital is moved from corporate to government bonds, the NAV
appears to decrease. This is not unexpected, as the lower expected return
of the government bonds result in a lower NAV. However, one would per-
haps expect the SCR to decrease as more capital is moved to risk free gov-
ernment bonds. Figure 1 shows that this is only the case until the amount
of government bonds reaches circa 40%. At this point, the SCR starts to
increase as wRF grows.

There are two explanations for this outcome. As restrictions forces 10%
of capital to be invested into equity, the SCR of the portfolio is kept at a
higher level compared to a portfolio consisting of solely corporate and gov-
ernment bonds. The decreasing effects of moving capital from corporate to
government bonds are therefore no longer as influential in relation to the
overall SCR. The second reason is the liability effect on the expected NAV,
caused by the embedded guarantee reserve in the shape of an European
put option with strikeK. By moving capital from corporate to government
bonds the expected asset return at maturity is lowered, while, due to the
previous reason, the dispersion of the results is not heavily affected. As a
result, the number of scenarios with asset values reaching below K grows,
increasing the value of the ”put option” section of the liabilities. This leads
to a higher 99.5% quantile of the liabilities and, consequently, 0.5% quantile
of the NAV, thereof increasing the SCR.
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BENCHMARK EVALUATION

Having investigated the impact on RANAV in the setting of moving from
low to high risk assets and having found approximate optimal asset class
allocations, we check how well the LSMC regressed results agree with the
full nested benchmarks. This part of the analysis is of a particular interest,
as the goodness of fit was found to be unsatisfactory in some of the ex-
amined allocations. In line with this, a number of RANAV evaluations are
performed on an increasingly small interval to find an approximate bench-
mark optimum, to which the LSMC optima can be compared.

(a) (b)

Figure 2: Five equidistant evaluations in LSMC set 1 vs. full nested set of NAV and SCR,
with (a) wopt

S = 0.1 and wRF ∈ [ 0.01, 0.899 ] (b) wopt
RF = 0.33445 and wS ∈ [ 0.1, 0.66545 ].

The optimal RANAV and MVO allocations are marked by the red and purple circles, re-
spectively.

Figure 2 shows what appears to be a parallel shift in the LSMC regressed
and full nested values. This implies that while the expected NAV appears
to be captured well by the LSMC regression, there are obvious difficulties
in the SCR-approximation. The explanation once again lies in the poor
tail fit of the LSMC regression, increasing the difficulty of approximating
the 0.5% quantile of the NAV distribution. Although the resulting LSMC
approximation of the NAV-to-SCR curve is shifted slightly to the left as a
result, it nevertheless appears to follow the same pattern as the benchmark.
Consequently, the optimal allocations appear to match relatively well.

For a more thorough comparison between benchmark and LSMC regressed
optima, the averaged LSMC results, displayed in Table 1, are re-examined.
We denote the vector containing the averaged optimal LSMC regressed
weightswaverage, while the vector containing the assumed full nested bench-
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mark optimum is denoted wFN :

waverage = [ 0.1, 0.32, 0.58 ] (6)

wFN = [ 0.1, 0.29, 0.61 ] (7)

Allocation NAV SCR RANAV Asset return (%)
waverage 5.046 0.287 17.613 3.893
wFN 5.047 0.286 17.640 3.899

Table 2: Expected benchmark NAV, SCR, RANAV at t = 1 and asset return at t = 4 for
allocations waverage and wFN .

Going by the averaged optimal LSMC allocation waverage, it appears to be
fairly close to that of the benchmark. The resulting benchmark values in
Table 2 are consequently agreeing.

However, the issue concerning significant dispersion among the LSMC re-
sults remains. One way to increase the accuracy would be to optimize over
several LSMC sets and average the results. This would decrease the time
efficiency, but the required runtime would nevertheless remain consider-
ably smaller than that of a full nested simulation.

SUMMARY & CONCLUSION
In ”Part III: Asset and Liability Management using LSMC - Allocation Op-
timization” LSMC regressed optimal allocations maximizing the RANAV
were obtained using the Nelder-Meadmethod. Full nested benchmark eval-
uations performed alongside the LSMC approximations illustrated the dif-
ficulty of adequately capturing the SCR, which was a result of the poor tail
fit of the LSMC regression. Consequently, some dispersion was present
among the LSMC results. However, the approximate optimal allocations
were on average found to be fairly close to the benchmark optima.

To conclude this article series, we take all parts into consideration in order
to determine the efficiency and appropriateness of the considered ALM op-
timization framework. The framework was based on a portfolio replicating
a variable annuity, providing a simplified liability structure. The asset port-
folio contained three asset classes with different risk- and return attributes,
to enable the study of the effects from moving capital from low- to high
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risk investments. This ALM framework, albeit simplified, is constructed to
provide a straightforward replication of the complex interactions between
assets and liabilities.

The LSMCmethod was applied to make calculations more computationally
efficient. Regarding the accuracy of the LSMC regression, it was evident
that the proxy function had difficulties capturing skewness and kurtosis,
leading to a poor tail fit. The accuracy was greater close to the optimal
allocation, however, and the approximate optima appeared to agree with
the full nested benchmark on average. Additionally, the time performance
of the ALM optimization was significantly improved when implementing
the LSMC method.

In conclusion, considering the significant gain in time efficiency, the exam-
ined ALM optimization framework could provide useful inputs on approx-
imate optimal allocations. Furthermore, the extremely reduced runtime
required to perform function evaluations provides a time efficient tool to
analyse the sensitivity of the NAV to changes in asset allocation.
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DISCLAIMER
Copyright 2019 Kidbrooke Advisory AB; All rights reserved. Reproduction in whole or in part is pro-
hibited except by prior written permission of Kidbrooke Advisory AB registered in Sweden. The infor-
mation in this document is believed to be correct but cannot be guaranteed. All opinions and estimates
included in this document constitute our judgement as of the date included and are subject of change
without notice. Any opinions expressed do not constitute any form of advice (including legal, tax,
and or investment advice). This document is intended for information purposes only and is not in-
tended as an offer or recommendation to buy or sell securities. Kidbrooke Advisory AB excludes all
liability howsoever arising (other than liability which may not otherwise be limited or excluded under
applicable law) to any party for any loss resulting from any action taken as a result of the information
provided in this document. The Kidbrooke Advisory AB, its clients and officers may have a position
or engage in transactions in any of the securities mentioned.
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