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PART I: ASSET AND LIABILITY
MANAGEMENT USING LSMC -
INTRODUCTION TO THE
FRAMEWORK

New regulations and stronger competition have increased the demand for
advanced asset and liability management (ALM) models within insurance
industry. An efficient ALM strategy can considerably impact the solvency
of an insurance undertaking, which in turn affects capital requirements.
Furthermore, ALM is often used as a strategic decision-making tools en-
abling to implement investment strategies as well as to achieve financial
objectives beyond risk mitigation and regulatory aspects.

Successful construction of an ALM framework involves forecasting a bal-
ance sheet in order to analyse how it is affected by external and internal
risk factors. A natural way to do this is to examine possible future scenar-
ios and to estimate how the balance sheet evolves as the underlying risk
factors change. In mathematics and quantitative finance this constitutes
a broad class of estimation methods, collectively known as Monte Carlo.
One computationally efficient variety of Monte Carlo is the least-squares
Monte Carlo (LSMC) method. LSMC enables fast estimations while main-
taining high accuracy and therefore serves as an adequate addition to the
ALM toolbox.

In the first part of the ”Asset and Liability Management using LSMC”-article
series, an ALM framework based on a replicating portfolio approach is out-
lined, along with a suitable financial objective. This ALM framework, albeit
simplified, is constructed to provide a straightforward replication of the
complex interactions between assets and liabilities. Moreover, a brief in-
troduction to the LSMCmethod used to generate all underlying risk factors
is presented.

BALANCE SHEET

One of the main complications of ALM in practice is the presence of con-
voluted interactions between the insurer’s liability and asset portfolio. The
variable annuity (VA) could be a concrete example of such a complica-
tion. Generally, the VA is defined as a unit-linked contract with embedded
guarantees. It allows the holder to benefit from an upswing in the value
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of the underlying asset, while the embedded guarantee reserve partially or
completely protects him or her from drops in the underlying value. The
asset-liability interaction emerges because the underlying asset portfolio is
managed by the insurer, and estimates of future payouts are thus part of
the insurer’s liability.

In Figure 1 below, a simplified example of an insurance balance sheet is
presented.

Assets

Liabilities

NAV

Equity

Corp Bonds

Govt Bonds

Best Estimate

Risk Margin

Other Debt

Free Own Funds

SCR

Figure 1: Balance sheet of an insurance undertaking.

ASSETS

To start with, let us define an asset portfolio A. In the simplified context
of this article, the value of the asset portfolio is allocated to three different
asset classes; risk-free government bonds, corporate bonds with credit risk
and stocks. These asset classes are selected to represent different combi-
nations of risk and return, enabling the analysis of the effects of moving
capital from low- to high risk investments.

The market values of the assets at time t are denoted RF (t), CR(t) and
S(t), respectively. The total value of our assets is thus:

A(t) = wRFRF (t) + wCRCR(t) + wSS(t) (1)

where wRF , wCR and wS denotes the portfolio weight of the respective
asset.

For simplicity, constraints Equation 2 and Equation 3 are included to the
framework, only allowing for long positions. Restriction Equation 4 is
added to ensure that asset return requirements are easily met.

wRF + wCR + wS = 1. (2)

Part I: Asset and Liability Management using LSMC - Introduction to the Framework 2



October 2018

0 > wRF > 1, 0 > wCR > 1, 0 > wS > 1 (3)

wS ≥ 0.1 (4)

The asset classes per sé are modelled as stochastic processes. The simu-
lation models are selected to capture realistic return dynamics, which will
be discussed further in the article series.

LIABILITIES

After defining the asset side of the balance sheet, we outline the definition
of the insurance liability. The value of the liabilities in this article will be
based on a value of the portfolio replicating the aforementioned VA. This
choice is motivated by the unit-linked structure of the VA, which captures
the asset-liability interactions while introducing a guarantee reserve to the
contract. For simplicity, only one future payment is considered in this
study. Nevertheless, it is important to keep in mind that the real world lia-
bility value is usually a function of values of numerous contracts of different
types and maturities, driven by a number of future cash flows.

The replicating portfolio is constructed using basic financial instruments.
The VA pay-off is approximated using a forward contract and a European
put option, both with maturity T . The strike price K is chosen to match
the VA’s cash-flow once the guarantee reserve is reached, and the maturity
T is set as the time of the payout. Figure 2 displays an illustration of the
replicating portfolio and its components as a function of the asset portfolio’s
spot priceA(T ) .

Using the replicating portfolio’s pay-off, the liability value at maturity is
given by:

L(T ) = α
(
A(T ) +min(K −A(T ), 0)

)
. (5)

where α ∈ (0, 1) is a scaling factor ensuring that the liability value grows
proportionally to the backing asset value.

Asmentioned previously, themodelled interaction and linkage between the
VA contract and the asset portfolio is simplified. Nevertheless, it is easily
extended to allow for more complex dependence or multiple payouts with
different maturities.
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Figure 2: The variable annuity’s replicating portfolio and its constituents.

NET ASSET VALUE

We conclude the construction of our hypothetical balance sheet by estab-
lishing a function for the resulting net asset value (NAV). The fundamental
accounting theorem states that both sides of the balance sheet are be equal:

NAV(t) = A(t)− L(t) (6)

Using Equation 5 and Equation 6 the NAV at maturity T is given by:

NAV(T ) = (1− α)A(T )− α ·min(K −A(T ), 0). (7)

Applying the risk-neutral valuation formula, the market consistent NAV at
a time t prior to maturity is calculated as follows:

NAV(t) = EQ[p(t, T ) · NAV(T )|Ft

]
. (8)

Here Q indicates the risk-neutral probability measure, p(t, T ) is the price
of a zero coupon bond and Ft denotes the information available at time t.

SOLVENCY CAPITAL REQUIREMENT

The Solvency capital requirement (SCR) is a key aspect of the Solvency
II regulations. The SCR implies that the amount of insurer’s available fi-
nancial resources satisfies its overall financial requirements. Taking all
quantifiable risks into account, the directive states the probability of fail-
ing to cover all financial obligations should fall below 0.5% over a one-year
time period. SCR can thereby be viewed as a financial reserve used as a
tool of mitigation of the probability of insolvency. Expressed in balance
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sheet terms, the regulations require that the expected NAV is higher than
the SCR.

The SCR is calculated using the one-year value at risk (VaR) over a 99.5%
confidence level. By defining a loss function ℓ as the difference between
the actual NAV and its expectation, the SCR can be calculated as the 99.5%
quantile of possible future losses:

SCR = VaR99.5%(l) = inf
{
x : P

(
ℓ ≤ x

)
≥ 99.5%

}
. (9)

where;

ℓ = E[NAV(T )]− NAV(T ) (10)

OBJECTIVE FUNCTION

As stated above, the ALM framework outlined in this article has a financial
objective beyond risk mitigation. By allocating capital between the three
available asset classes, an optimal set of weights w = (wRF , wCR, wS) can
be obtained.

The first step is to establish ameasure of how good is the suggested strategy.
In other words, a suitable objective function must be defined.

The traditional approach, proposed byMarkowitz in 1952, employs amean-
variance optimization (MVO) framework. In this context, the MVO objec-
tive function is defined as the ratio of the expected NAV to the portfolio’s
standard deviation. The resulting optimization problem is thus:

wMVO = argmax
w

E[NAVp]

σp
(11)

where E[NAVp] is the expected NAV and σp is the portfolio’s standard devi-
ation. The specific portfolio p is allocated with weights w.

The MVO framework has since its publication dominated the asset allo-
cation process, but it has a number of well-known drawbacks to keep in
mind. Only the first two moments are considered; the expected return
and standard deviation of the portfolio. When considering financial time
series, however, there are a number of stylized facts concerning distribu-
tional properties to keep in mind (see for instance Cristelli (2014)). The

Part I: Asset and Liability Management using LSMC - Introduction to the Framework 5



October 2018

positive excess kurtosis, from the gain/loss asymmetry, as well as the heavy
tails and volatility clustering present apparent issues in this regard, as the
first two moments fail to capture these characteristics. This is also the case
in the study considered in this article series; Figure 3 makes it evident that
the NAV distribution is far from symmetrical.

Figure 3: Benchmark NAV distribution and normal distribution, with mean and standard
deviation of benchmark NAV, for an equal weight allocation.

An alternative approach is to formulate the objective function as the ra-
tio of the expected NAV to SCR, yielding the aforementioned RANAV. This
ratio holds apparent advantages over Equation 11; in addition to making
calculations compatible under Solvency II regulations, VaR captures the
end tail of the distribution, providing additional information on the maxi-
mum loss in comparison to the MVO standard deviation. The optimization
problem then becomes:

wRANAV = argmax
w

E[NAVp]

VaR99.5%(p)
. (12)

To ensure compliance with Solvency II regulations through meeting min-
imum asset return requirements, the following restrictions Equation 13
and Equation 14 are introduced into the framework along with weight con-
straints Equation 2, Equation 3 and Equation 4

E[NAVp]

VaR99.5%(p)
> 1 (13)
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A(T ) ≥ Amin (14)

LEAST-SQUARES MONTE CARLO

A typical problem with regard to ALM is that the distribution of the NAV is
rarely explicitly available. The intractability of this distribution is further
cemented when the risk factor models are complex enough to be of any
practical use. As a result, the expected NAV has to be estimated using
non-analytical methods.

A popular solution constructed using these methods is the nested Monte
Carlo (MC) simulation. The flexibility of this approach allows for an in-
creased complexity of the underlying risk factors. As mentioned in the
introduction of this article, a time-efficient variety of nested MC is the
LSMC method. LSMC was first proposed by Longstaff & Schwartz (2001)
for American option pricing, and later on adapted to fit a wide range of im-
plementations. The technical fundamentals of LSMC can be found in Kid-
brooke Advisory (2015a,b,c). The concept will only be reiterated briefly in
this article.

The idea is to simulate a large number, No, of “real-world” outer scenarios
of each risk factor up to a time t < T . Branching out from each outer
scenario, a much smaller number, Ni, of risk-neutral inner scenarios are
generated up to maturity T . In each inner scenario the NAV is calculated
according to Equation 7, and the expected NAV is obtained by computing
the mean of all inner scenarios.

The uncertainty induced by a fewer number of scenarios is mitigated by
constructing a proxy function using least-squares regression, jointly with
the cross-sectional information provided by the nested simulation. In addi-
tion to maintaining a high accuracy, the greatly reduced number of inner
scenarios significantly decreases the computational burden. This makes
LSMC a time efficient alternative to the full nested MC method, where the
same number of outer and inner per outer scenarios is considered.

However, note that asset class weights are not possible to extract explic-
itly from the regressed proxy function. This means that the optimization
problems (c.f. Equation 11 and Equation 12) have to be solved numeri-
cally without any gradient information. This will be further discussed in
the subsequent parts of this article series.

Part I: Asset and Liability Management using LSMC - Introduction to the Framework 7



October 2018

SUMMARY

In this article we briefly introduce an ALM framework and how it can
be used to produce allocation strategies that maximize the RANAV, while
meeting capital requirements under Solvency II. This ALM framework at-
tempts to replicate the balance sheet’s behaviour of an insurer issuing a VA
contract, where all risk factors are generated using the LSMC method for
a time-efficient work flow.

PART II
The subsequent article, ”Part II: Asset and Liability Management using
LSMC - Accuracy and Performance”, is a comparative study between LSMC
versus full nested MC. The accuracy and computational efficiency will be
examined and compared in the context of calculating the distribution of
the expected NAV. In other words; it will answer the question whether it is
a good idea to use LSMC to construct an ALM strategy.
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