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PART III: IMPLICATIONS OF A JOINT
MODELLING FRAMEWORK IN
DEPENDENCE MODELLING

In ’Part II: A Joint Framework in Dependence Modelling’ we introduced a
joint modelling framework capable of capturing dependence of risk across
financial markets. In this part we evaluate the framework by performing
simulations and discuss the implications of utilizing a dependence model
like this.

The overall structure of part III is as follows; first we describe the input data
used to calibrate our model, and briefly discuss its statisical properties.
Then we go on to describe the calibration method followed by a section
on the portfolio simulation itself. We finish by presenting the results and a
brief summary.

INPUT DATA

We collect data on both high-yield (HY) and investment grade (IG) bonds,
as well as a stock market index. The choice of the sample periods are pri-
marily determined by data availability and coverage. Moreover, quantities
that are assumed to be of interest to the analysis are computed before cal-
ibrating and simulating the model, and presented here.

DATA DESCRIPTION

The data consists of daily closing values associated with the following three
time series:

⋄ Equity data: S&P 500 (03/01/1990 - 05/03/2015)
⋄ iShares iBoxx USD Investment Grade ETF (22/07/2002 - 05/03/2015)
⋄ iShares iBoxx USD High Yield ETF (04/04/2007 - 05/03/2015)

S&P 500 data is collected from Yahoo Finance, and represents an American
stock market index based on the market value of 500 large US companies’
outstanding shares. The data of the two ETFs, short for exchange-traded
fund, is taken from iShares and includes a selection of USD corporate bonds
with varying maturity within the high yield (HY) and investment grade
(IG) rating classes.
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Figure 1: Observed paths of S&P 500 (SPX), the iBoxx USD investment grade ETF (IG)
and the iBoxx USD high yield ETF (HY), normalized by the first observation in each series
in (a). Scatter plots of monthly returns of stock index and bond ETFs whenever they are
jointly observed in (b).

S&P 500 iBoxx IG iBoxx HY
Sample size 301 151 94

Correlation 0.208 0.723
Kendall’s tau 0.079 0.498

0.02 tail 1 (3) 1 (2)
0.10 tail 3 (15) 8 (9)
0.90 tail 1 (15) 4 (9)
0.98 tail 0 (3) 1 (2)

Table 1: Estimated statistics for monthly returns of S&P 500, iBoxx IG and iBoxx HY time
series data. The estimates of the dependence measure describe dependence between re-
spective bond index movements and the stock index movements. Tail values show number
of exceedances in the data set, with effective sample sizes displayed in parentheses. Tail
index estimation would take the quotient of the two.

QUANTITIES OF INTEREST

To give the reader a visualisation of the three time series, monthly returns
are computed for each index and illustrated in Figure 1. A scatter plot is
also displayed showing monthly joint movements, suggesting a dependence
across the equity and debt markets. Table 1 reports the summary statistics
of the time series, indicating a stronger dependence between the HY and
the stock indices, as compared to the IG and the stock indices.
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TAIL DEPENDENCE

The tail dependence, estimated in Table 1, counts the number of out-
comes from bivariate data simultaneously falling below a threshold per-
centile level p, and normalising. It is an important factor to consider as
assets that normally display weak co-movement may exhibit strong cor-
relation in the tails of the distributions. To give an example, see studies
by Das et al. (2007), where correlations were shown to increase during
financial crises.

Due to relative short data series sets special attention should be paid to
the accuracy of the tail index estimates. In order to compute the tail in-
dex, as well as other quantities of interest, the length of the S&P 500 data
is shortened to match the available data of the bond indices. To quantify
the importance of an extensive data set, consider the following question:
If you have X simultaneous observations from bivariate normally dis-
tributed data, and the correlation is given by ρ, what is the width of the
95% confidence interval belonging to the lower tail index?
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Figure 2: Expected lower tail index estimates from a bivariate normal distribution with
correlation parameter ρ against tail index percentile levels, along with 95% confidence in-
tervals for estimation based on samples of size N. Dotted lines correspond to confidence
bounds for N = 1000 and dashed lines to N = 10, 000. Vertical lines indicate the 0.005 and
0.05 percentile levels respectively.

Figure 2 shows how the tail index estimate varies with p for three different
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values of the correlation ρ. Bivariate normally distributed data is known
to display weak tail dependence Cherubini & Vecchiato (2004), and can
therefore act as a reference when comparing with statistics based on real-
world data. If we estimate a larger lower tail index from real-world data at
the same quantile p as the bivariate normal distribution, it would indicate
the presence of strong tail dependence. However, if the estimated tail index
lies within the the confidence interval of the normal distribution, we cannot
draw any conclusion from the estimate. Notice how, by increasing the
sample size by a factor 10, the confidence bounds shrink considerably. To
deduce that there exists a tail dependence, large data sets are desirable.

MODEL CALIBRATION

Using the data described above, we now turn to calibration of the model
introduced in the previous article ’Part II: A Joint Framework in Depen-
dence Modelling’. The calibration is performed by running a simulation
and evaluating the statistical properties of the resulting portfolio values.
One example of quantity to evaluate is the tail index introduced above.
The time horizon for the simulation of sample paths from the model is
set to equal that of the stock index, being the longest time series of those
observed. We apply daily discretization, such that ∆t = 1/252.

500 paths of the same length as the observed stock index are simulated for
the stochastic processes. Another 300 paths are simulated for the purpose
of increasing accuracy in the conversion from monthly stock index returns
to uniforms, used for the migration mapping. Accumulating all simulated
paths, this leads to a total sample of 241, 600 monthly stock index returns
mapped to uniforms.

IG and HY portfolios are constructed and rebalanced monthly, applying a
maturity of 5 years and a recovery rate of 0.4 for all bonds. Reducing the
lengths of paths of portfolio values to match observed data, we conduct
statistical analysis of monthly returns for each scenario generated.

A set of parameters providing a reasonable fit is listed in Table 4, see Ap-
pendix A. Applying these, the results of the statistical analysis are pre-
sented in Table 2. Quantities based on simulated series are presented as
average values across all scenarios, with the attachment of estimated 95%
confidence intervals made up by 2.5% and 97.5% quantiles of the 500 es-
timates for each statistic. Due to significant differences between paths
belonging to different samples, in addition to limited length of each sam-
ple path, a high variation in many of the estimated quantities is observed.
Higher moments display large variations and so do dependence measures.
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S&P 500 iBoxx IG iBoxx HY
Obs. Simulated Obs. Simulated Obs. Simulated

Mean (×10−3) 7.08 4.82, [−0.78, 10.11] 5.49 1.25, [−1.20, 2.26] 5.91 3.78, [−2.66, 6.55]
Std. (×10−2) 4.20 4.71, [3.94, 5.52] 2.03 1.93, [0.97, 3.35] 3.45 3.18, [1.94, 5.49]
Vol. (×10−1) 1.46 1.63, [1.37, 1.91] 0.70 0.67, [0.34, 1.16] 1.20 1.10, [0.67, 1.90]
Skewness −0.63 −0.34, [−0.85, 0.10] 0.04 −0.54, [−5.56, 1.20] −1.30 −0.43, [−2.83, 1.03]
Kurtosis 1.29 1.13, [0.11, 3.14] 6.74 9.49, [1.70, 51.82] 7.55 3.70, [0.12, 16.37]

0.02 quantile 0.91 0.90, [0.87, 0.92] 0.95 0.95, [0.92, 0.98] 0.93 0.93, [0.84, 0.96]
0.10 quantile 0.95 0.94, [0.93, 0.96] 0.99 0.98, [0.97, 0.99] 0.97 0.97, [0.95, 0.98]
0.90 quantile 1.06 1.06, [1.05, 1.07] 1.03 1.02, [1.01, 1.04] 1.04 1.04, [1.03, 1.06]
0.98 quantile 1.09 1.10, [1.08, 1.12] 1.04 1.05, [1.02, 1.08] 1.08 1.07, [1.04, 1.12]

Correlation 0.21 0.14, [−0.07, 0.43] 0.72 0.58, [0.27, 0.81]
Kendall’s tau 0.08 0.08, [−0.04, 0.19] 0.50 0.37, [0.16, 0.59]

0.02 tail 1 0.59, [0, 2] 1 0.80, [0, 2]
0.10 tail 3 2.81, [0, 7] 8 4.24, [1, 8]
0.90 tail 1 1.73, [0, 4] 4 3.55, [1, 7]
0.98 tail 0 0.08, [0, 1] 1 0.60, [0, 2]

Table 2: Estimates of statistics from observed and simulated data. Estimates from the latter
constructed by taking the average and calculating approximate 95% confidence intervals
based on 500 scenarios. The mean values are subtracted by one. Volatility (vol) given as
standard deviation rescaled to yearly basis. Dependence measures concern the relationship
between stock index and bond portfolios.

The span of admissible values which the parameters can take in order to
yield results which do not provide sufficient evidence that we can reject
the hypothesis that the observed data comes from the model with 95%
confidence appears fairly large, by trial and error (ignoring mean values
of returns). Without going into depth on all such combinations, being pe-
ripheral to the point of interest of this article, we note that the dependence
specification can be modified. The analysis of Table 2 is based on a Clayton
copula with weight w = 0.3 connecting stock index and migrations dynam-
ics for IG portfolio bonds, while the corresponding dependence structure
for stock index and HY portfolio is a Gaussian copula with weight w = 0.6.
For an example of an alternative structure, we replace these by a t7 copula
with weight w = 0.2, and a Clayton copula with weight 0.3 respectively.
It appears an acceptable fit is obtained with this specification as well. We
refer to Table 5 in Appendix A for detailed results.

PORTFOLIO SIMULATION

Having found supporting evidence for the existence of dependence across
markets, we now turn our attention to the behaviour of our model. In a
Value-at-Risk (VaR) setting, e.g. under the Solvency II rules, it is of interest
to investigate the lower percentiles of the distributions of assets over a spe-
cific time horizon (in Solvency II a one-year horizon). This also includes a
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view on the tail interaction of monitored assets. For a visualisation of how
the yearly distribution of return pairs featuring the stock index and a bond
portfolio behaves when simulating from the model, we here present a few
key results. The analysis in this section is based on simulation of 20,000
yearly paths for each risk factor, where bond portfolios are constructed in
a stylized way to contain 50 zero-coupon bonds with identical features1.
Migrations matrices are constructed on a monthly basis and portfolios are
rebalanced conjunctively, supporting a representation of bond portfolios
as bond indices.

With process parameters calibrated to market data, the migration dynam-
ics may be altered to produce different return characteristics. The con-
ditioning of transition outcomes on stock index returns relies on a speci-
fication of both the type of copula and its strength. We therefore analyse
the effects of applying different dependence structures for the migration
mechanism.

Figure 3 shows lower quantiles of returns of the investigated bond portfo-
lios, as well as corresponding tail indices with the stock index movement.
The influence of migrations comes through decisively on the modelling and
analysis of risk, where the choice of copula in our framework turns out to
be an integral factor. However, the tail index plots take a somewhat curi-
ous look where estimates do not grow monotonously with the strength of
conditioning. An alternative view on the tail behaviour is given in Figure 4,
depicting histograms of bond portfolio returns conditional on stock index
returns falling below its 5th percentile value.

1One IG and one HY bond portfolio are constructed, where each bond has a maturity of 5
years and pays a recovery of 0.4 times the pre-default market value in case of default.
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(b) 0.005 HY portfolio quantile
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(c) 0.005 IG tail index
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Figure 3: Quantile values and tail indices of simulated yearly returns of IG and HY bond
portfolios, where tail indices are computed with respect to return pairs consisting of the
bond portfolio and the stock index. The horizontal axes display variations in the copula
correlation parameter used for conditional migration simulation.

Part III: Implications of a Joint Modelling Framework in Dependence Modelling 7



February 2016

0.2 0.4 0.6 0.8 1

Gaussian

t3

Clayton

(a) IG portfolio

0 0.5 1

Gaussian

t3

Clayton

(b) HY portfolio

Figure 4: Histograms of simulated yearly bond portfolio returns, conditional on the stock
index return falling below its 5% quantile value, applying different copula types for migration
simulation. For the IG portfolio, a copula correlation parameter of 0.4 is used while that
for the HY portfolio is set to 0.6.

IG portfolio and stock index dependence measures

Gaussian t3 Clayton
w ρ̂ λ̂L Normal ρ̂ λ̂L Normal ρ̂ λ̂L Normal

0 0.03 0.00 [0.00, 0.03] 0.14 0.11 [0.00, 0.04] 0.03 0.00 [0.00, 0.03]
0.3 0.12 0.03 [0.00, 0.04] 0.21 0.22 [0.00, 0.05] 0.25 0.24 [0.00, 0.07]
0.6 0.23 0.13 [0.00, 0.06] 0.26 0.26 [0.00, 0.07] 0.27 0.28 [0.00, 0.07]

HY portfolio and stock index dependence measures

Gaussian t3 Clayton
w ρ̂ λ̂L Normal ρ̂ λ̂L Normal ρ̂ λ̂L Normal

0 0.35 0.12 [0.01, 0.09] 0.40 0.17 [0.02, 0.11] 0.35 0.08 [0.01, 0.09]
0.3 0.53 0.30 [0.05, 0.18] 0.54 0.43 [0.06, 0.19] 0.59 0.48 [0.08, 0.22]
0.6 0.64 0.51 [0.10, 0.25] 0.57 0.54 [0.07, 0.21] 0.55 0.50 [0.06, 0.19]

Table 3: Estimates of correlation ρ̂ and 0.005 tail index λ̂L for bond portfolio and stock
index simulated return pairs, applying different dependence structures for the simulation
of migrations where w denotes the copula correlation parameter. The bracketed values
correspond to 95% confidence intervals assuming bivariate normal data with matching cor-
relation.

RESULTS

Based on the analysis of observed market data, it is reasonable to assume
there exist positive co-movements between equity and debt markets just
like previous studies on the subject have deduced. Looking at the evo-
lutions of stock index as well as investment grade and high yield bond
ETFs, the tendency is particularly striking as concerns dependence be-
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tween stock index and high yield ETF, highlighted in Table 1. Due to
scarcity of data, it is difficult to draw precise conclusions on tail depen-
dence between monthly movements of stock index and bond ETFs.

As for the model, it appears to be able to provide a reasonable fit to ob-
served data. The high number of model parameters can be specified rather
widely while admitting simulated monthly returns to exhibit similar distri-
butional characteristics as those observed in markets. Furthermore, the
model specification allows for the possibility to target a desired level of tail
dependence, although attention should be paid to the potential effect this
has on the marginal distributions.

MODEL VALIDATION

Having established that historical data indicates a relatively strong equity
credit dependency and that the model under consideration is able to repro-
duce that dependency we now turn to the topic of validation. How best to
perform such a validation will depend on the context in which the model
is applied. Assuming for example that the model is used for calculating
capital requirements under a certain regulatory regime such as Basel or
Solvency, the validation must be performed in line with the respective reg-
ulatory requirements on model validation. Furthermore, it is necessary to
determine exactly what historical time series are representative of the spe-
cific investment portfolio or balance sheet under consideration, and also
how portfolio composition might affect simulated and historical diversifica-
tion benefits. Assuming instead the model will be used to price and hedge a
particular financial instrument with hybrid equity and credit characteris-
tics (although this is not the application considered in this article series),
additional areas of interest of the validation might be hedge simulations
as well as sensitivity- and stability analysis with respect to the parameters
governing the dependency.

SUMMARY AND DISCUSSION

This article series has introduced the concept of dependence modelling
and evaluated some of the risks associated with a hypothetical portfolio of
corporate bonds and equities. A simulation framework designed to capture
and describe the joint evolution of these risks has been presented and anal-
ysed. The results indicate a strong overall dependence, although the lack
of long historical time series prevents us from drawing firm conclusions
with regard to tail dependence. One could of course make the assumption
of a strong tail dependence based on a qualitative analysis, arguing that
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extreme negative outcomes in a particular company’s creditworthiness is
likely to be accompanied by a similarly extreme outcome in its share price.
The model under consideration has proven capable of producing such a cal-
ibration, which perhaps can be considered prudent given the lack of data.
One particular area with potential for further studies is the effect of port-
folio composition on the diversification benefit and how this relates to tail
dependence.
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APPENDIX A

Discretization parameters

sample size N 500
time step ∆t 1/252
simulation horizon T 25.17
migration window ∆tj 1/12

Initial values

volatility v0 0.02
IG excess hazard rate z10 0.01
HY excess hazard rate z20 0.01

Process parameters

volatility process κv 1.4
θv 0.021
σv 0.18
γv −2.22

stock index/volatility correlation ρ −0.8
stock index excess return µe 0.06

variance-gamma process ν 0.2
σ 0.04
γ −0.14

IG stock volatility dependence factor β1 0.12
IG excess hazard rate κ1 1.3

θ1 0.0062
σ1 0.22
γ1 −5.55

HY stock volatility dependence factor β2 2
HY excess hazard rate κ2 1.2

θ2 0.005
σ2 0.2
γ2 −4.5

Migration parameters

real-world baseline intensity matrix Λbase

−0.026 0.017 0.0087
0.054 −0.11 0.054
0 0 0


IG copula Clayton
stock index/transitions weight w 0.3

HY copula Gaussian
stock index/transitions weight w 0.6

Table 4: Parameters for simulation from the model when attempting to fit to market data.
CIR process parameters stated in terms of reversion speed (κ) and long term mean (θ)
under the real-world measure, along with diffusion coefficient (σ) and market price of risk
(γ).
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S&P 500 iBoxx IG iBoxx HY
Obs. Simulated Obs. Simulated Obs. Simulated

Mean (×10−3) 7.08 4.82, [−0.78, 10.11] 5.49 1.37, [−0.08, 2.06] 5.91 3.61, [−5.25, 6.87]
Std. (×10−2) 4.20 4.71, [3.94, 5.52] 2.03 1.81, [0.97, 3.16] 3.45 3.21, [1.86, 6.23]
Skewness −0.63 −0.34, [−0.85, 0.10] 0.04 0.01, [−1.69, 1.24] −1.30 −1.02, [−5.14, 0.67]
Kurtosis 1.29 1.13, [0.11, 3.14] 6.74 5.54, [1.72, 15.66] 7.55 6.46, [−0.03, 38.96]

0.02 quantile 0.91 0.90, [0.87, 0.92] 0.95 0.96, [0.92, 0.98] 0.93 0.92, [0.79, 0.97]
0.10 quantile 0.95 0.94, [0.93, 0.96] 0.99 0.98, [0.97, 0.99] 0.97 0.97, [0.94, 0.99]
0.90 quantile 1.06 1.06, [1.05, 1.07] 1.03 1.02, [1.01, 1.04] 1.04 1.04, [1.03, 1.05]
0.98 quantile 1.09 1.10, [1.08, 1.12] 1.04 1.05, [1.02, 1.08] 1.08 1.07, [1.04, 1.11]

Correlation 0.21 0.08, [−0.09, 0.31] 0.72 0.53, [0.20, 0.74]
Kendall’s tau 0.08 0.06, [−0.05, 0.17] 0.50 0.34, [0.14, 0.53]

0.02 tail 1 0.28, [0, 2] 1 0.89, [0, 2]
0.10 tail 3 2.24, [0, 6] 8 4.02, [1, 8]
0.90 tail 1 1.65, [0, 4] 4 2.82, [0, 6]
0.98 tail 0 0.06, [0, 1] 1 0.29, [0, 2]

Table 5: Estimates of statistics from observed and simulated data, with modified depen-
dence structure between stock index and migration dynamics.
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